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Abstract 



We provide an extension of the recently constructed double field theory formulation of the 
low-energy limits of type II strings, in which the RR fields can depend simultaneously on 
the 10-dimensional space-time coordinates and linearly on the dual winding coordinates. 
For the special case that only the RR one-form of type IIA carries such a dependence, 
we obtain the massive deformation of type IIA supergravity due to Romans. For T-dual 
configurations we obtain a 'massive' but non-covariant formulation of type IIB, in which 
the 10-dimensional diffeomorphism symmetry is deformed by the mass parameter. 



1 Introduction 



Double field theory is an approach to make T-duality manifest at the level of effective space- 
time theories by doubling the coordinates. It introduces the usual 'momentum' (space-time) 
coordinates together with new 'winding' coordinates Xi and a covariant constraint that locally 
eliminates half of the coordinates. Originally accomplished for the bosonic string [TH3]) more 
recently it has been extended to heterotic [3j and to type II superstrings [5l|6]. (For earlier 
and related work see [7HT6].) In particular, the type II double field theory provides a unified 
description of the massless type IIA and type IIB theories. In this paper we will show that 
a minimal extension of this theory exists that also contains massive deformations [T7]. (For 
earlier results on massive type IIA within 'duality-covariant' frameworks see |18H20j .) 

The massive extension of type IIA supergravity due to Romans [17j can be motivated as 
follows. If one introduces for each RR p-form the dual 8 — p form, type IIA contains all odd 
forms with p = 1, . . . , 7. We can also introduce a 9-form potential, but imposing the standard 
field equations sets its field strength F^^^^ = dC^^^ to a constant and so a 9-form carries no 
propagating degrees of freedom. We can think of massive type IIA as obtained by choosing this 
integration constant to be non-zero and equal to the mass parameter m. In the resulting theory, 
m enters as a cosmological constant and deforms the gauge transformations corresponding to 
the NS-NS 6-field such that the RR 1-form transforms with a Stiickelberg shift symmetry. It 
does not admit a maximally symmetric vacuum, but its most symmetric solution is the D8 
brane solution that features 9-dimensional Poincare invariance 1211. 



The type II double field theory of [5l[6] is formulated in terms of a Majorana-Weyl spinor of 
the 'T-duality group' 0(10, 10). This spinor representation is isomorphic to the set of all even 
or odd forms, depending on the chirality of the spinor, and so for type IIA the theory contains 
already a 9-form potential. However, the duality relations 

*f(io) = _f(0) = (1.1) 

imply that its field strength is zero, because there is no non-trivial -F'^'^^ due to the absence 
of '(— l)-form' potentials, and therefore the 9-form is on-shell determined to be pure gauge. 
Formally, one may introduce a (— l)-form potential C^~^^ and then set m = F^'^^ = dC^~^\ as 
has been done in [22], but so far it has been unclear how to find a mathematically satisfactory 
interpretation of such objects. In this note we will show that a non-trivial 0-form field strength 
(and thus a mass parameter) is naturally included in the type II double field theory by assuming 
that the RR 1-form depends linearly on the winding coordinates, 

C7(i)(x,x) = C^{x)dx^ + mxidx^ , (1.2) 

where Ci and all other fields depend only on the 10-dimensional coordinates. We will see that 
the second term in (jl.2p effectively acts as a (— l)-form and that the double field theory reduces 
precisely to massive type IIA. 



It should be stressed that the consistency of the ansatz (|1.2p is non-trivial, in fact, even 
unexpected, for the double field theory formulation requires the constraint that 



d'^dMA = ^''''dMdNA = , d'^AdMB = r^^^ = r I], (1.3) 
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for all fields and gauge parameters A,B. Here, M,N,... are fundamental 0(10,10) indices, 
with invariant metric tjmn, and the derivative Dm = (9*,9j) combines the partial momentum 
and winding derivatives. This constraint is necessary for gauge invariance of the action and 
closure of the gauge algebra. In its weak form, which requires d^^ du = 25* 9j to annihilate all 
fields and parameters, it is a direct consequence of the level matching condition of closed string 
theory, and it allows for field configurations such as (jl.2p that depend locally both on x and x. 
The double field theory constructions completed so far, however, impose the stronger form that 
requires also all products of fields and parameters to be annihilated by O^^Om, corresponding 
to the second equation in (II. 3p . In this form the constraint implies that locally all fields depend 
only on half of the coordinates, and so (II. 2p violates the strong constraint. Remarkably, as we 
will show here, the gauge transformations can be reformulated on the RR fields so that the 
strong constraint can be relaxed. It cannot be relaxed to the weak constraint as formulated 
above, but it is sufficient for the ansatz (|1.2p to be consistent. In particular, this formulation 
guarantees that in the action and gauge transformations the linear x dependence drops out, 
such that the resulting theory has a conventional 10-dimensional interpretation. 

This paper is organized as follows. In sec. 2 we briefly review the type II double field theory of 
[5|l6] , and we give a rewriting of the gauge transformations that requires only a weaker constraint 
in a sense to be made precise. In sec. 3 we evaluate the double field theory for ()1.2p and show 
that it reduces to the democratic formulation of massive type IIA. We then discuss T-duality 
for massive type II by evaluating the double field theory for a coordinate dependence in which 
one of the space-time coordinates is interchanged with a winding coordinate, corresponding to 
a single T-duality inversion. In the massless case this maps type IIA to type IIB, in agreement 
with their equivalence upon compactification on a circle. In the massive case, however, it maps 
type IIA into a non-covariant 'massive' version of type IIB. In this formulation, type IIB has 
only manifest 9-dimensional covariance but is fully diffeomorphism invariant, with the 10th 
diffeomorphism being deformed by the mass parameter. 



2 Type II double field theory 
2.1 Massless theory 

We start by reviewing the double field theory formulation of massless type II theories. The 
NS-NS fields are the space-time metric gij, the Kalb-Ramond 2-form bij and the dilaton (p. The 
metric and 6-field are encoded in the generalized metric 

\bikg ^ gij - bikg^'bijj 

which is an element of SO{10, 10), satisfying the constraint = T-L and transforming covari- 
antly under 0(10, 10) according to its index structure. Moreover, we introduce an 0(10, 10) 
invariant dilaton density by e"^*^ = y^e"^*^, where g = |det(7jj|. We can think of T-L as the 
fundamental field and view ()2.ip as a particular parametrization, but in [5] we argued that we 
should rather view the fundamental field as an hermitian element of the two-fold covering group 
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Spin(10, 10). Denoting this field by §, we require 

S = S"^ , S G Spin(10,10) , (2.2) 

and define the generalized metric via the group homomorphism p : Spin(10, 10) — )• 50(10, 10) 
as H = p(§). With (j2.2p we infer Ti'^ = p(S^) = p{S) = H, and thus, as required, is a 
symmetric group element which generally can be parametrized as in (12. ip . 

In the democratic formulation to be employed here, the RR fields consist of differential 
forms of all odd (even) degrees for type IIA (IIB) and can be encoded in a Majorana-Weyl 
spinor x of 0(10,10). In order to see this, let us fix our conventions for Spin(10, 10). The 
Clifford algebra is given by 

{r^,r^} = 27?^^ 1 . (2.3) 

Due to the off-diagonal form of the 0(10, 10) metric in (|1.3p . this algebra implies that 

= ^r,, V' = (2.4) 

with (ipi)^ = ip^, satisfy the canonical anti-commutation relations of fermionic raising and 
lowering operators and ipi, respectively, 

= {V'i,V'i} = 0, {^l^\i;j} = 0. (2.5) 

Thus, the spinor representation can be constructed by introducing a Clifford vacuum |0), sat- 
isfying ipilO) =0 for all i, and acting with the raising operators A spinor is then given by a 
general state 
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Y,-iCn...,i^''...^m , (2.6) 
p=0 ^' 

with coefficients that are fully antisymmetric tensors and that will be identified with the RR 
p- forms C^P\ A spinor satisfying a chirality condition consists either of only odd or only even 
forms, and in the following we assume that x has a fixed chirality. The Dirac operator 

= ^r^^^M = i>'di + i;id\ (2.7) 

v2 

acts naturally on spinors and can be viewed as the 0(10, 10) invariant extension of the exterior 
derivative. First, for 5 = it only acts via differentiating with respect to and increasing the 
form degree by one. Second, it squares to zero, 

# = ^r'''T''dMdN = Irj^'^'OMdN = 0, (2.8) 

using (j2.3p and the constraint (|1.3p . 

The type II double field theory, whose independent fields are S, x ^^id d, is defined by the 
action 

S = J d^°xd^^S:(e-^^n{n,d) + ^{$x)^ S0x) , (2.9) 
supplemented by the self-duality constraint 

0X = -JC0X, ^ ^ C-^^, (2.10) 
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where C denotess the charge conjugation matrix of Spin(10, 10). For the definition of the 
0(10, 10) invariant scalar Tl{'H,d) see eq. (4.24) in [3]. 

Let us next review the symmetries of this theory. It has a global T-duality invariance under 
Spin"'"(10, 10), which is the component of the group connected to the identity. It is gauge 
invariant under 

Sxx = 0X, (2.11) 

where A is a spinor of Spin(10, 10) with a fixed chirality opposite to the one of such that odd 
(even) p-forms transform with even (odd) {p — l)-form parameters. This symmetry leaves (12. 9 p 



and (I2.10p manifestly invariant because of = 0. The double field theory is also invariant under 
a 'generalized diffeomorphism' symmetry spanned by a parameter = {S,i,C) that combines 
the usual diffeomorphism parameter and the 6-field gauge parameter into a fundamental 
0(10, 10) vector. This gauge symmetry acts on the fundamental fields as 

6^IC = ^^^dMJC + ^[r^''',JC]dM^N, (2.12) 

where r*^^^ = ^[F*^, F^], and we have written the gauge variation of S in terms of K. defined in 
(j2.10p . The gauge invariance under transformations is non-trivial and requires the strong 
constraint (jl.Sp . We stress that, in contrast, the identity (|2.8p and thus the invariance under A 
transformations requires only the weak constraint, i.e., that O^^Om annihilates x its gauge 
parameter, but not necessarily their products, which will be used below. 

Next we discuss the double field theory evaluated for fields depending only on x*, i.e., 
setting the winding derivatives to zero, 5* = 0. In order to compare the resulting theory with 
the conventional formulation, we need to choose a parametrization of S in terms of g and b, as 
for Ti in ()2.ip . We do so by decomposing ()2.ip 

and then introducing spin representatives for each of the 50(10, 10) elements on the right-hand 
side. We then set 

S = Sn = SlSg^Sb = e^^'^^'^J S-^ e-^''^^'^''^' , (2.14) 

where we introduced the spin representative Sf, of hi, in terms of fermionic oscillators [5]. The 
explicit form of the spin representative Sg of hg can be found in [5j. By construction, S = Sy^ 
projects under the group homomorphism p to in 5*0(10, 10), and it has been shown in [2l|3] 
that the first term in (12. 9p reduces to the standard low-energy action for the NS-NS sector. 

We turn now to the RR sector. For 5* = the Dirac operator acts like the exterior 
derivative and so 0x reduces to the conventional field strengths of the RR potentials in (12. 6p . 



4 



where we introduced in the last equation the components of the {p + l)-form field strength, 

jp{p+i) ^ ^Qip) _ (2.16) 

In the action (|2.9p the exponentials of b in (I2.14p lead to the modified field strength [5l|6] 

F = e-*''' AF = e-*''' AdC, (2.17) 

where we use a notation that combines all p-forms into a formal sum. Without repeating the 
derivation, we recall that the Sg factor in (I2.14p effectively arranges the proper contractions 
with the space-time metric g in the action, so that the RR part of (j2.9p reads [Sjll] 

p ^- p 
Similarly, the self-duality constraint ()2.10p reduces to the conventional duality relations 

p(p) = _(_i)^p(p+i) * p(w-p) _ (2.19) 

Thus, for the RR sector the double field theory action reduces to the sum of kinetic terms for 
all p-forms, which is supplemented by duality relations. This is the 'democratic formulation' 
originally introduced in [23], and which is on-shell equivalent to the conventional formulation 
of type II A for odd forms or type IIB for even forms. 

Let us finally review the gauge transformations for 3* = 0. The gauge variations (j2.1ip . 
with parameter 

^ = El^'i-vV'*'---V''lO) , (2.20) 
p ^' 

reduce to 

5xx = i^'djX = ^^-i^a[,,A,,...,^]V'*i---V*-|0), (2.21) 

which amounts to the standard abelian gauge symmetry of the RR p-forms, 

6xC = d\. (2.22) 
The gauge symmetry ()2.12p parameterized by = {£,i,C) gives for 

= {^'dj + dj^ i^'A) Yl 1 V-'IO) , (2.23) 

p ^' 

which by use of the oscillator algebra ()2.5p implies 

= ^^^,a,...,^+p^^i^eq^\^,...^,] = c^Q,...,^. (2.24) 

This is the conventional diffeomorphism symmetry, acting infinitesimally via the Lie deriva- 
tive. From ()2.12p it also follows that the C^^-* transform non-trivially under the 6-field gauge 
parameter ^i, 

SiX = Sfc^V^Vx = , (2.25) 

p ^' 

which implies 

6^C = diAC. (2.26) 

This means that the C7(p) are redefinitions by the 6-field of the more conventional RR fields, 
which are invariant under ^j. These are exactly the expected gauge symmetries for massless 
type II theories. 
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2.2 Reformulation of gauge symmetries 



The gauge invariance of the type II double field theory requires for transformations the 
strong form of the constraint ()1.3p . but for A transformations only the weak constraint. Here, 
we will perform a change of basis for the gauge parameters such that, for the RR sector, the 
transformations are consistent with a weaker form of the constraint. 

We start by rewriting the gauge transformation of x ^ follows 



(2.27) 



The last term is of the form of a field-dependent A gauge transformation $\ and can therefore 
be ignored. We then use the Clifford algebra in the second term, 

kx = e^^9MX-^(2^*'^-r^r^0^^^MX = Ir^r^'^NdMX. (2.28) 

Using the 'slash' notation ([2 



= -^r^'dM , i = ^r^^^M , (2.29) 

we finally get 

kx = i$X. (2.30) 

which is the form of the gauge transformations we will use from now on. 

We will show that, starting from (j2.30p . gauge invariance of the RR action and closure of 
the gauge algebra uses only the constraint 

r/*^^9M9iv^ = d'^'dMA = 0, A = {xA.e'] ■ (2-31) 

In particular, for this computation we do not need to use d'^^ AOmB = 0. This observation does 
not imply, however, that the RR sector is 'weakly constrained' in the sense that fields but not 
their products need to satisfy the constraint. In fact, (j2.30p is not a consistent transformation 
rule assuming that x ^ weakly constrained. Before discussing this in more detail, we 
investigate some consequences of the form (j2.30p of the gauge transformations. 

The original gauge transformations have the property that a gauge parameter of the form 
= d^^Q is 'trivial' in that it generates no gauge transformation. After the above redefinition, 
this statement is modified. We compute 

Saex = Ir'^r^' dNedMX = ^r^9,v(er^^aMx) , (2.32) 

assuming only the weaker form (j2.3ip of the constraint. Thus, the gauge variation ()2.32p takes 
the form of a field-dependent A gauge transformation, 

SaeX = ^A, X = e0x- (2.33) 

Therefore, the statement that ^'^^ = 9*^G leads to a trivial gauge transformation leaving the 
fields invariant has to be relaxed to the statement that it leaves the fields invariant up to a X 
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gauge transformation, but it has the advantage that in this weaker form only the constraint 
(j2.3ip is required. 

We compute next the gauge variation of 0x under (|2.3U|) , which is needed in order to verify 
gauge invar iance, 

(2.34) 

The last term contains V^^V^^ = r/*^^ and therefore vanishes by (j2.3ip . while the second term 
reduces to du^X- In total we have 

5d$x) = i^'Qu^X^H^X- (2.35) 

This result agrees with the variation under the original form of the gauge transformations 
determined in [5] (as it should be, because the modification is a A gauge transformation that 
leaves $x invariant), but in the original derivation the strong constraint was used. As the proof 
of gauge invariance of the action and the self-duality constraint given in [5] requires only the 
transformation rule (j2.35p , we conclude that this proof uses only the weaker constraint (j2.3ip . 

Let us verify that also closure of the gauge transformations on x requires only this weaker 
constraint. First, for the modified form of the gauge transformations there is no non- vanishing 
commutator between A and ^ gauge transformations because $x is A-invariant. Thus, it remains 
to verify closure of the transformations, for which we find 

[%,5^2]x = (^^wx + i^aX- (2.36) 

Here, 

if2 = [6,6] c = ^2dNCf - k2^9^ef -(1^2), (2.37) 



which is given by the 'C-bracket' that characterizes the closure of transformations on the 
NS-NS fields \X2l, and 

A = -l{i2(i-(iQ^X. (2.38) 

The verification of (j2.36p is a straightforward though somewhat tedious exercise in gamma 
matrix algebra, which we defer to the appendix. The computation makes repeated use of 
the constraint (jl.3p . but only in its relaxed form (|2.3ip . Thus, on the RR field x all gauge 
symmetries close using only this weaker constraint. 

We close this section by computing the form of these redefined gauge transformations 
()2.30p for 3' = 0. For the diffeomorphism parameter ^* we find 

% = eW5,x = j;^f9,Q^....,V'.W^---V'^''|0). (2.39) 

Using the oscillator algebra (j2.5p to simplify this, we obtain 

S^a,...,^ = (p+l)e^ayQ,...,] = 6F,n-.p- (2.40) 
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For the &-field gauge parameter one obtains 

S^X = = j;^|.a,C,,..,^V'W^---V'*lO) , (2.41) 

from which we read off 

= iAF. (2.42) 

The diffeomorphism symmetry in the form (|2.40p is sometimes referred to as 'improved 
diffeomorphisms'. They can be introduced for any p-form gauge field by adding to the famihar 
diffeomorphism symmetry (j2.24p a field-dependent gauge transformation with {p — l)-form 
parameter 

Aii...ip_i = — C"'C'jj^...ip_j . (2.43) 

Similarly, p.42p is obtained from the original ^ transformation ()2.26p by adding an abelian gauge 
transformation with parameter A = — ^AC. Thus, the redefinition of the gauge transformations 
leading to (]2.30p is precisely the double field theory analogue of the improved diffeomorphisms 
in conventional gauge theories. In this form the gauge field appears only under a derivative, 
which will be instrumental for the generalization we discuss next. 



3 Massive type II theories 
3.1 Massive type II A 

In the previous section we have seen that the proof of gauge invariance and closure of the gauge 
algebra uses only the weaker constraint (j2.3ip for the RR sector. Naively, this would allow for 
field configurations like 

X{x,x) = Xo{x) + xi(.x) , (3.1) 

where xo,i are arbitrary functions of their arguments, and similarly for the gauge parameters. 
However, as mentioned above, there is a subtlety, because the gauge variations (|2.30p are not 
consistent assuming only the weak constraint. In fact, 6^x on the left-hand side should satisfy 
the constraint, but with x C being weakly constrained their product on the right-hand 
side in general does not satisfy the constraint. Rather, one should introduce a projector that 
restricts to the part satisfying the weak constraint [1], while our computation above did not 
keep track of these projectors. After the insertion of projectors, the gauge invariance of the 
action and closure of the gauge algebra does not follow from our computation (and is most 
likely not true). Moreover, the RR fields interact with the NS-NS sector that is still strongly 
constrained, and so it is presumably inconsistent to have a weakly constrained RR sector. Thus, 
a complete relaxation of the strong constraint must await a resolution of this problem for the 
NS-NS sector. However, if we only assume the function xi in (|3.ip to depend linearly on x, the 
resulting gauge variations and field equations are independent of x, and therefore the constraint 
is satisfied without insertion of projectors. (In particular, the energy-momentum tensor of the 
RR fields depends only on 0x [2] and is thereby independent of x.) An ansatz with linear x 
dependence is therefore consistent, and we will investigate its consequences in what follows. 
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We will show that the type II double field theory defined by (|2.9p and (|2.10p leads to 
massive type IIA if we assume that the RR spinor x depends on the 10-dimensional space-time 
coordinates and, in its 1-form part, also linearly on a winding coordinate. We thus write 

X(x,x) = (^lc,„„i^(x)V''i...V'''' + mxiV^)|0) , (3.2) 

where we assume that x is of negative chirality such that the sum extends only over odd p. 
Here we have singled out a particular (winding) coordinate direction, but we stress that this 
choice is immaterial for the final result: we could have chosen any linear combination of the Xj, 
which would merely amount to a rescaling of the mass parameter m. Let us also note that it 
would be consistent to allow for a linear x dependence in other p-form parts, both in x in 
its gauge parameter A. We will comment on this more general case below. 

Let us next evaluate the field strength $x for (|3.2|) . In contrast to (|2.15|) . the term ijjid'^ in 
$ acts now non-trivially, 

p ^' 

= E(^^(^'+l)%^^.-P+i]V'^'---^^''-''|0) + HO) (3.3) 

where we used the oscillator algebra (j2.5p . We observe that the non-trivial action of Tpid"^ leads 
to a reduction of the form degree such that the '1-form potential' precisely leads to a non- 
vanishing 0-form field strength or, in other words, that the x dependent part acts effectively 
like a '(— l)-form'. The m-deformed field strengths defined in the last line of (|3.3p then read 

F^^ = m , F^+^^ = = dC7(P) for p > . (3.4) 

In the action the modified field strengths (j2.17p enter, which are now deformed according to 

This reads explicitly 

= ra 

p(2) = p(2) 
^ m ^ 

p(4) = p{4) 

These are precisely the m-deformed field strengths appearing in massive type IIA, see, e.g., |21j . 

We turn now to the gauge symmetries acting on (j3.2p . starting with the A-transformations 
(j2.1ip . In analogy to (j3.2p it is natural to allow here also for a linear x dependence in the 
0-form part of A, but such a contribution will be annihilated by $ due to = 0. We note, 
however, that a linear x dependence in the higher-form components of A can lead to a rigid 



n = e"*'"' A {dC + m) . (3.5) 

etc. 
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shift of the RR forms, which is triviahy a global symmetry since all RR potentials appear under 
a derivative. We conclude that the A gauge transformations are unchanged compared to the 
massless case (j2.22p . The transformation (j2.30p evaluated for the diffeomorphism parameter 
^* yields no new contribution since 



= ei^^i^jd^x = , (3.7) 

di=0 



due to the action of two annihilation operators ipi on (j3.2p . Thus, the diffeomorphism symmetry 
is given by (j2.40p . as for m = 0. Finally, the gauge transformation of the 6- field gauge parameter 
receives a non-trivial modification. 



= = m|iV>iV''|0) = mii^'lO) . (3.8) 

di=0 



Together with the gauge transformation (j2.42p for m = we thus obtain 

S^C = iAdC + m^. (3.9) 

Therefore, for m ^ the RR 1-form C^^^ transforms with a Stiickelberg shift symmetry under 
the 6-field gauge transformations, which is precisely the expected result for massive type IIA |21j . 
The modified field strengths Fm are manifestly invariant under the A gauge transformations. 
The invariance under ^ transformations can be easily verified with 6^b^'^^ = d^, 

S;Fm = (^.-(e"^*" A {dC + m)) = A F„ + e"''*" A d(| AdC + mi) 

(3.10) 

= -di AFm + e~^*" A d| A {dC + m) = -di A Frr, + di A Fm = . 



Let us now consider the double field theory action and duality relations (j2.9p and (j2.10p . 
evaluated for (j3.2p . and compare with the dynamics of massive type IIA. As in (|2.18[) . the action 
reduces to the sum of kinetic terms, but here for the modified field strengths (13. 5p . 

^10 .10 -, 

= i E ^ ^ = i E ^ ^ ^ + -m'.l. (3.11) 

p=0 p>l 

The action contains now also the 0-form field strength, which contributes a cosmological term 
proportional to m^, as made explicit in the second equation. Moreover, we can use the 
Stiickelberg gauge symmetry p.Op with parameter ^ to set C^^^ = 0. From the second equation 
in (|3.6p we then infer that the kinetic term for C^^^ reduces to a mass term for the 6-field. Thus, 
the 6-field becomes massive by 'eating' the RR 1-form. 

The self-duality constraint (j2.10p reduces to the same duality relations as in (|2.19p . again 
with all field strengths being m-deformed, 

i?w = _(_i)ip(p+i) ^pao-p) _ (3.12) 

This democratic formulation is equivalent to the conventional formulation of massive type IIA. 
In the following we compare the two formulations in a little more detail. 
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The RR action of massive type IIA in the standard formulation is given by |17y21j 
Skk = ^ /"fi^i?)A*i?(?)+Fi^)A*Fi^)+m2*l) 

'6(2)(ciC(3))2 _ (5(2))2^^(l)^c'(3) + i(6(2))3(dC(l))2 (3.13) 
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+ ^m(5(2))3dC(3) - im(6(2))4dc(i) + ^m^b'^^^f^ , 

where for simphcity we have omitted all wedge products between forms in the topological Chern- 
Simons terms ^cs in the second and third line|l] We note in passing that this Chern-Simons 
action simplifies significantly if we formally introduce a (— l)-form C^~^^ and then define 

A = e-^^" a(C + C(-i)) , (3.14) 

where C still represents the formal sum of all (odd) forms with p > 1. The Chern-Simons 
action can then simply be written as 

Scs = 6^^) A A . (3.15) 

More precisely, expanding p.l5p according to p.l4p . the resulting action can be written, up 
to total derivatives, such that C^~^^ enters only under an exterior derivative, and then setting 
m = dC^~^^ reproduces precisely the Chern-Simons terms in (|3.13p . Formally, this drastic 
simplification can be understood as a consequence of the 6-field gauge transformations (j3.9p . 
which we rewrite here as 

6^C = |Ad(C + C7(-i)) = d|A (C7 + C7(-i)) -(i(|A (C + C(~^))) . (3.16) 

The last term takes the form of a field-dependent A gauge transformation and can thus be 
ignored. The A defined in ()3.14p is then ^ gauge invariant, 

S-A = -d|Ae~''''' A (C + C(-i)) +e-^'" A (d|A (C + C(-i))) = 0, (3.17) 

where we have taken C^^^^ to be gauge invariant. From this we infer that (I3.15P is the only 
term invariant under ^ gauge transformations (up to a boundary term). Note that we could 
have included the (— l)-form potential into the sum of all p-forms, in which case the gauge 
transformations would be formally as in the massless case. 

We have verified the exact equivalence between the equations of motion following from (j3.13p 
and those derived by varying (j3.1ip and then supplementing them by the duality relations 
(I3.12p . For the Einstein equations this is easy to see because the Chern-Simons terms that are 
present in the conventional formulation do not contribute to the variation of the metric. The 
energy-momentum tensor then agrees for both formulations owing to the relative factor of ^ 
between the kinetic terms in (|3.1ip and (13.13p . which compensates for the doubling of fields in 



^This action difTers from eq. (2.8) of [21] in certain numerical factors, which is due to different conventions 
regarding differential forms. Moreover, there is a mismatch of a relative factor of | between kinetic and Chern- 
Simons terms, but (|3.13|) is consistent with [17] . 
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the democratic formulation. For the field equations of the p-forms the on-shell equivalence is a 
consequence of the Bianchi identities 

dF^i^ = -i/(3)AFb-2) ^ (3.18) 

following from (j3.5p . More precisely, the duality relations yield the second-order field equations 
as integr ability conditions of = 0, including the required source terms originating from 
the Chern-Simons terms in the conventional formulation. Thus, the double field theory leads 
precisely to massive type IIA. 

3.2 T-duality and massive type IIB 

We discuss now the double field theory evaluated for fields depending on coordinates that result 
from the 10-dimensional space-time coordinates by a T-duality inversion. The 0(10, 10) in- 
variance of the constraint (|1.3p implies that fields resulting by an 0(10, 10) transformation from 
fields depending only on the (thereby satisfying the constraint) also satisfy the constraint. 
For instance, we may perform a single T-duality inversion in one direction, which exchanges a 
'momentum coordinate' x* with the corresponding 'winding coordinate' Xj. The double field 
theory evaluated for this field configuration then reduces to the T-dual theory. If it reduces to 
type IIA in one 'T-duality frame', it reduces to type IIB in the other frame, when expressed 
in the right T-dual field variables f^. The mapping of (massless) type IIA into type IIB under 
T-duality can therefore be discussed without reference to dimensional reduction, while in the 
usual approach this relation is inferred from the equivalence of type IIA and type IIB upon 
reduction on a circle |24j . 

Our task is now to see how this generalizes in the massive case. The usual point of view 
is as follows |21j. Massive type IIA reduced on a circle leads to a massive N = 2 theory in 
nine dimensions, but there is no corresponding massive deformation of type IIB that could lead 
to the same nine-dimensional theory upon standard reduction. Rather, to identify the proper 
T-duality rules one has to perform a Scherk-Schwarz reduction [25j of massless type IIB, which 
introduces a mass parameter and leads to the same massive N = 2 theory in nine dimensions. 
In contrast, in double field theory the T-dual theory is identified without any dimensional 
reduction, as we discussed above, and so the puzzle arises what the T-dual to massive type IIA 
is if there is no massive type IIB in ten dimensions. 

In order to address this issue let us analyze the double field theory evaluated for fields in 
which one space-time coordinate, say x^^, is replaced by the corresponding winding coordinate. 
We split the coordinates as = (x'^, x^'^), /i = 1, . . . , 9, and replace (|3.2p by the ansatz 

X(x,x) = (^^Oi,...,^(x^,5io)V'^ •••V'^ +771X1^^1)10) , (3.19) 

where again the sum extends over all odd p. In the massless case the double field theory reduces 
to type IIB, which can be made manifest by performing a field redefinition that takes the form 
of a T-duality inversion in the 10th direction [5|I§ This T-duality transformation acts on the 

^Here we assume that a;^" is a space-like direction, gio.io > 0. For T-dualities along time-like directions the 
dual theories are the so-called type II* theories [5][6|, which have a reversed sign for the RR kinetic terms |26) . 
Similarly, the double field theory discussed here contains also a massive type IIA* . 
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RR spinor via the spin representative 5*10 = "0 + "010) i-e-, we define 



X' = S,oX = (j;Vn-pV'^'---V''''+"^^i(V''° + V'io)V'')|0), (3.20) 
p ^' 



where in the first term we introduced redefined variables denoted by C . As Siq is linear in 
the fermionic oscillators the sum extends now over all even p. Specifically, one finds (compare 
eq. (6.41) in [6]) 

(jf ^ \ C,i2-t^p if n = 10, i2 = H2,--- ,ip = fJ'p ^2 21) 

[ Cioiii...^p if h = m , . . . ,ip = fip. 

Thus, the dual field variables are obtained by adding or deleting the special index, thereby 
mapping odd forms into even forms, as required for the transition from type IIA to type IIB. 
By performing this field redefinition (and renaming the coordinates) one infers that evaluating 
the theory for fields depending on x'^ and xio is equivalent to evaluating the theory for fields 
depending on x*, but with the opposite chirality for the spinor, i.e., replacing odd forms by 
even forms. (See sec. 6.2 in [6j for more details.) Now, in the massive case we have to take into 
account the second term in (|3.20p . which reduces to mxiip^^tp^ . Thus, our task is to evaluate 
the double field theory for 



E V.,....,(:E)V*i...V^*-+mxiV^V)|0) , (3.22) 



\^ p 

p 

dropping the primes from now on. In other words, we have to evaluate the double field theory 
for a field configuration in which the 2- form part depends now linearly on x, 

{x{x,x)\^_,,J,^ = Q,(x) + 2mxi5[/°<5,]i, (3.23) 

with all other fields still depending only on the 10-dimensional space-time coordinates. 
We start by computing the field strength 

F = 0x = F^=o-V'i5^("ixi)V'V'°|0) = F„=o-m^'». (3.24) 
Therefore, the field strength of the RR 0-form C^^^ gets modified in the 10th component, 

^(1) ^ ^(-(0) _ ^^^10 ^ ^. ^ Q,fj{0) _ ^^.10 ^ ^3 25) 

while all other field strengths F^p\ p^X^ remain unchanged. The 'hatted' field strength (j2.17p 
then receives corresponding modifications, 

F = e''''" A {dC - mdx^°) , (3.26) 

and thus in components 

_p(3) ^ ^(3) _ ^(2) ^ ^^(0) ^ ^^{2) ^ ^^10 ^ (3_27) 

The dynamics is described by the same action (j2.18p and duality relations (|2.19p as before, but 
with all field strengths replaced by their m-deformed version (I3.26p . 
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This theory breaks manifest 10-dimensional covariance in that the 10th coordinate is treated 
on a different footing in (j3.25p . We observe, however, that this theory can be obtained from 
standard (covariant) type IIB by performing the redefinition 

C(0) ^ cW-mx^V (3.28) 

as is apparent from (j3.25p . Thus, the 'deformation' induced by the m-dependent 2-form contri- 
bution in ()3.22p can be absorbed into a redefinition of the lower RR form C^^\ and therefore 
the obtained theory is nothing but standard type IIB after a somewhat pecuhar (non-covariant) 
redefinition. For this reason we do not introduce a new symbol for the 'deformed' field strengths. 

In order to understand the consequences of the non-covariance let us inspect the gauge 
symmetries. As above, the A gauge transformations are unchanged compared to the massless 
case. The gauge transformations (I2.30p parametrized by applied to (I3.22P give 



m=0 

m=0 



10 I cij. „/,lo^ 

(3.29) 



We read off the m-deformed gauge transformations which are modified on C^io , 

5|C^io = '^i[,F,^^,m=o-^l, = 2|[^^io] > (3-30) 

and on C(°) 

5^0^^) = e^a^C^") - mS}^ = , (3.31) 

where we used (j3.25p for both equations in the last step. Thus, the nine-component parameter 
acts as a Stiickelberg symmetry on the off-diagonal RR 2-form components, while the 10th 
diffeomorphism parameter acts as a Stiickelberg symmetry on the RR 0-form. The field 
strength of C^io read off from (|3.27p . 

F^uio = 2a[^a]io + mh^u + dioC^, - b^.dwC-^^ - 2b^o[^ a.jC^o) , (3.32) 

is invariant under the shift symmetry. Moreover, ()3.25p is invariant under i.e., the theory 
is diffeomorphism invariant under x^^ — )> x^^ — ^^^{x) and (|3.3ip . 

5^ioF(i) = -md^^^ + md^^^ = 0. (3.33) 

Thus, despite the non-covariant formulation that treats the 10th direction on a different footing, 
the theory is still fully diffeomorphism invariant, as it should be in view of the fact that it results 
from standard type IIB by the redefinition (j3.28p . Since this invariance under non-covariant 
diffeomorphisms is somewhat unconventional, let us also verify this for the component form 
given in (I3.25p . 

(3.34) 

= ed.Fi + aiC^ (a,C7(0) _ ni5j^^) = ^^djFi + Fj . 

Thus, the m-deformed field strength transforms under the m-deformed diffeomorphisms ()3.3ip 
with the usual Lie derivative of a 1-form field strength. Therefore, the action and duality 
relations build with this field strength are diffeomorphism invariant. 
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To summarize, we have identified the 10-dimensional theory that is the T-dual to massive 
type IIA and that can be seen as a 'massive' formulation of type IIB. It is unconventional in 
that the 10-dimensional diffeomorphism symmetry is not realized in the usual way, but non- 
linearly in the 10th direction. This is, however, analogous to the deformation of the gauge 
transformation of C*-^^ under the 6-field gauge parameter in massive type IIA, and since the 
diffeomorphisms and 6-field gauge symmetries are on the same footing in double field theory 
this result is not surprising. 

Let us now discuss the physical content. We can choose a gauge for the Stiickelberg 
symmetries by setting C^io = 0. From (j3.32p we then infer that their kinetic terms give mass 
terms for the 9-dimensional components of the 5-field, rendering these components massive. 
This is analogous to massive type IIA, but in the latter case the full 10-dimensional 6-field 
becomes massive, carrying 36 massive degrees of freedom, while here only the 9-dimensional 
components become massive, carrying 28 massive degrees of freedom. It turns out that the 
8 missing degrees of freedom are carried instead by the Kaluza-Klein vector field. In order 
to see this, let us perform a Kaluza-Klein decomposition of the kinetic term involving C^^^ 
(but we stress that we are not performing a reduction in that the fields still depend on all 10 
coordinates). The standard Kaluza-Klein decomposition of the (inverse) metric reads 

g'^ = [ 1 , (3.35) 

where 'j^u denotes the 9-dimensional metric, A^ is the Kaluza-Klein vector and £ the Kaluza- 
Klein scalar. If we choose a gauge for the Stiickelberg symmetry by setting C^^^ = 0, we 
infer with (|3.25p that the relevant term in the Lagrangian reads 

C = -\V9 9''F,F^ = -^^g^^'^^F,,F,, = -^m'^Vi{r' + Af^A,) . (3.36) 

Therefore, the Kaluza-Klein vector receives a mass term and so becomes massive by 'eating' 
the RR scalar C(°), thus carrying 8 massive degrees of freedom. 

We have to point out that the above analysis of the physical content was somewhat naive. 
In fact, one may wonder why this theory, if obtained from massless type IIB by the mere 
redefinition (|3.28p . exhibits a spectrum that is rather different from the usual physical content 
of type IIB, e.g., with (parts of) the 6-field becoming massive and a cosmological term in (j3.36p . 
The point is that such a classification of the masses of various fields is only meaningful with 
respect to a particular background. Type IIB admits a 10-dimensional Minkowski solution, 
with all field strengths zero in the background, and it is with respect to this background that 
the 6-field is massless. Now, after the redefinition ()3.28p the theory of course still admits the 
same Minkowski vacuum, but now we have to switch on a 'background flux' in order to realize 
this solution, 

iOij) = r]ij , (dC7(0)) = mdx^° , (3.37) 

because only then we have (F) = in the Einstein equations, as follows with (j3.25p . Around 
this background, the 6-field is still massless. 

Thus, there is no conflict of our above analysis of 'massive' type IIB with the usual way type 
IIB is presented. The presence of massive fields just means that the background space-time we 
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consider is not flat space, but rather a background that is appropriate for the comparison to 
the T-dual massive type IIA. In fact, massive type IIA does not admit a Minkowski (or AdS) 
vacuum, but instead the D8-brane solution that is invariant under the 9-dimensional Poincare 
group corresponding to its world- volume [21]. The T-dual configuration is the D7-brane solution 
of type IIB, which is only invariant under the 8-dimensional Poincare group [21], and the above 
analysis has to be understood with respect to such a background. 

Let us close this section by comparing our result with the usual story that relates massive 
type IIA to the Scherk-Schwarz reduction of massless type IIB |2HI22j. In Scherk-Schwarz 
reduction one allows some fields to depend non-trivially on the internal coordinates in such a 
way that this dependence drops out in the effective lower-dimensional theory. For the Scherk- 
Schwarz reduction of type IIB to nine dimensions relevant for T-duality, the Kaluza-Klein ansatz 
allows for a linear x^" dependence for the RR scalar C^^\ 

C(0)(x^',x^°) = c^°\x^') - mx^\ (3.38) 

where c^^^ denotes the nine-dimensional field. For all other fields the ansatz is as for circle 
reductions, i.e., the fields are simply assumed to be independent of In the resulting action 
the dependence on x^^ drops out, leaving a massive deformation of the usual circle reduction 
of type IIB. 

Instead of this Scherk-Schwarz reduction one may first perform the redefinition (|3.28p and 
then employ a standard reduction, as is apparent by comparing (j3.38p with ()3.28p . We conclude 
that the Scherk-Schwarz reduction of massless type IIB gives the same 9-dimensional theory 
as the conventional reduction of the 'massive' formulation of type IIB. Thus, our results are 
consistent with |2HI22j. and the formulation of type IIB that appears naturally in double field 
theory is 

4 Concluding remarks 

In this paper we have shown that the type II double field theory defined by (|2.9p and (|2.10p 
can be extended by slightly relaxing the constraint (|1.3p such that the RR fields may depend 
simultaneously on all 10-dimensional space-time coordinates and linearly on the winding coor- 
dinates. In case that only the RR 1-form carries such a dependence, the double field theory 
reduces precisely to the massive type IIA theory. We have shown that the T-dual configura- 
tion corresponds to the case that the RR 2-form (j3.23p of type IIB carries such a dependence. 
This gives rise to a 'massive' version of type IIB, whose circle reduction to nine dimensions 
yields the same theory as the Scherk-Schwarz reduction of conventional type IIB. This massive 
formulation of type IIB is still invariant under 10-dimensional diffeomorphisms, with the 10th 
diffeomorphism being deformed by the mass parameter. 

Here we have only considered a non-trivial x dependence for the RR 1-form of type IIA and, 
in the T-dual situation, for the RR 2-form of type IIB. It is also consistent with the relaxed 
constraint to have a linear x dependence for all higher RR forms C^p\ Such an ansatz would 
lead to a multiple parameter family of 'massive' and non-covariant type II theories, but as for 

''We thank Eric BergshoefT for discussions on this point. 
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the type IIB case discussed above all of these deformations can be absorbed into a redefinition 
of the lower RR form C^^~'^\ as in (j3.28p . The only exception is the RR 1-form which is 
distinguished because it leads to a covariant massive deformation in that it merely deforms the 
0-form field strength by the scalar mass parameter. This deformation cannot be absorbed into a 
redefinition, precisely because there is no '(— l)-form' potential available that could be redefined. 
This is in agreement with the fact that no massive deformations of maximal 10-dimensional 
supergravity are known besides massive type IIA. Even though (— l)-forms do not exist in the 
usual framework of differential geometry (such that they appear in conventional type II theories 
at most in a very formal sense), the type II double field theory suggests a natural and concrete 
interpretation: ( — l)-forms are 1-forms depending on the dual coordinates. 

Finally, let us stress that so far we have only established the existence of the bosonic sector 
of the massive type II theories since the supersymmetric extension of type II double field theory 
has not yet been constructed, but we strongly suspect that it exists. In fact, the approach of 
Siegel, which is equivalent to the NS-NS sector of double field theory, is already formulated 
in superspace, thereby establishing = 1 supersymmetry [?]■ Moreover, the recent work |12j 
presents a rewriting of the N = 2 fermionic terms and supersymmetry variations in the context 
of generalized geometry. While this does not yet prove the existence of an iV = 2 supersym- 
metric extension of double field theory, since the coordinates are not doubled in generalized 
geometry, it provides strong evidence. These matters are currently under investigation. 
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A Proof of the gauge algebra 

Here we prove that the gauge transformations (|2.c{U|) close according to (|2.36p . using only the 
weaker constraint (j2.3ip . We compute 

[6^i,5^2]x = 5^i{^r^r^^2NdMx) -(1^2) 

1 (A.l) 

= -r^r*^r^r%jv9Af(eip9Qx)-(io2). 

Let us work out structures with dx and d^x separately. Consider 

lr'^r''T^rQ^2N^,pdMdQX = ^(r^r^r^r^ + [r^r*^,r^r«])e2iveip9MaQX 

^ ^ (A.2) 
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where we used the constraint (j2.3ip for x ^^id the symmetry in M, Q. If we antisymmetrize in 
1 -f-)- 2 and use the symmetry in M, Q, we infer that the term on the left-hand side in the first 
hue is minus the first term in the second hne. Similarly, upon antisymmetrization 1 -H- 2, the 
final two terms in the second line are equal. Rearranging terms, we thus get 



^r^r*^r^r«6ivap5M5Qx -(1^2) = h^^'v^i^iipaMdNx -(1^2) 

= \T''dM{i^T^iipdNx) - \T''T^dM{i?iip)dNX - (1 o 2) , 



(A.3) 



where we used in the first equality that a term with -q^^^ is zero by the antisymmetry 1 -H- 2. 
The first term in the second line takes the form of a field-dependent A gauge transformation. 

We turn now to the terms proportional to dx in (jA.ip . 

^r^r*^r^rQ6iv%/6p5Qx = ^r^r^es^^/ap^Qx - \T^'TVT'^i2NdMiipdQx , (a.4) 

where we used the Clifford algebra for y'^T^^ . The first term on the right-hand side takes the 
form of a gauge transformation (j2.30p . The second term can be re- written as 



(A.5) 



-\r^r^r^rQC2NdMCipdQX = -^r^^(rQr^r^ + [r^r^,rQ])e2^aMap5QX 
= -\r^'rQrV^2NdM^ipdQX + ir*^(^«^r^ - v''''r^)^2NdM^ipdQX • 

Antisymmetrizing 1 -f-)- 2, the last term in the second line gives 

Ir^ir^C^dM^ipdNX - \r'^'r^^2NdMC^dpx -(1^2) 

= Vr^5Mfe%p)57vx-(i^2), 

which cancels against the same structure in (jA.Sp . The first term in the second line of (jA.Sp . 
antisymmetrized in 1 -f-T- 2, can be simplified as follows 
1, 



(A.6) 



4 



\r''rQr^''dM{^2N^ip)dQX - \r^'rQ {^^dM^m - C^dM^2N)dQX ■ 



(A.7) 



The second term is of the form of a gauge transformation. Commuting gamma matrices 
and using the weak constraint, the first term can be rewritten as a A gauge transformation, 

1, 



ld2)^X 



The second term in here cancels against the the first term in (|A.3p . 

Summarizing, the surviving structures are the ^^'^ gauge transformations in ()A.4p and ()A.7p 
and the A transformation in (jA.Sp . combining into 

[6^i,6^2]x = VrQ(ef5A/6p-^C2*'9p6M-(lo2))5QX + ^A, (A.9) 



with the A parameter p.SSp . Thus, the gauge algebra closes as stated in (I2.36p . 
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